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DECOMPOSITION THEORIES FOR MODULES
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JOE W. FISHER(')

Introduction. Lesieur and Croisot in [7] have generalized the classical primary

decomposition theory for Noetherian modules over commutative rings to the

tertiary decomposition theory for Noetherian modules over rings, which are not

necessarily commutative, but which have a certain chain condition on ideals.

Riley has shown in [8] that for finitely generated unitary modules over left Noether-

ian rings with identities, the tertiary decomposition theory—in a certain sense—is

the only natural generalization of the classical primary theory. The purpose of this

paper is to show that the tertiary decomposition theory extends to a larger family

of modules. We call this family the family of /-worthy modules. In particular we

show that for an arbitrary ring A, the tertiary theory holds for any A-module M

which has the property that each factor module of M is finite dimensional in the

sense of Goldie. For the family of /-worthy modules we show that, with certain

reasonable assumptions, the tertiary theory is the only theory that provides all the

salient features of an ideal theory in the sense of the classical primary theory.

In order to make this extension, we introduce the abstract concepts of radical

functions, associated ideal functions, and decomposition theories. From a radical

function we construct a decomposition theory on a certain family of modules.

Moreover we show that any decomposition theory can be constructed in this way

from a radical function. Therefore our technique appears to be the natural way to

construct decomposition theories. Hence we proceed by constructing decomposition

theories in this way from various radical functions.

In §5 we construct a decomposition theory from the tertiary radical function, t,

and prove that it is the tertiary decomposition theory. Moreover we show that a

necessary and sufficient condition for the tertiary decomposition theory to exist on

an admissible family C of modules is that each module in C be /-worthy. Goldie's

dimension theory is then used to produce examples of admissible families of

/-worthy modules.

An example is given in §6 to show that the associated ideals, which are used to

produce the extension of the tertiary theory, need not be prime ideals. Also it is

shown that in certain special cases, our definition of associated ideal specializes to

the usual definitions of associated prime ideal.
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In [8] Riley gives an axiomatic characterization of the tertiary theory for an

admissible family of finitely generated unitary modules over a left Noetherian ring

with an identity. We prove in §8 that one of his axioms can be deduced from the

others. Also an axiomatic characterization of the tertiary theory for an admissible

family of i-worthy modules is given.

In §§9-10 the theory is applied to admissible families of 7?-modules where R is a

commutative ring. We prove that the decomposition theory constructed from the

primary radical function on an admissible family of Noetherian modules is the

classical primary theory. This result shows that it is possible to obtain the classical

primary theory for a Noetherian module by using a technique similar to that of

Bourbaki in [1].

We consider in §10 the radical function which is suggested by Bourbaki's

definition of ^-primary in [1]. We call it the weakly primary radical function and

we examine the decomposition theory that is obtained from it.

In §11 we apply the theory to obtain generalizations of the Krull Intersection

Theorem, the Lemma of Artin-Rees, and a result of Lesieur and Croisot.

1. Conventions and definitions. Unless explicitly mentioned to the contrary,

throughout this paper, R will denote an arbitrary associative ring. By this we mean

that R is not necessarily commutative, R does not necessarily possess an identity,

and 7? does not necessarily possess any chain conditions (ascending or descending)

on any family of left, right, or two-sided ideals. All 7?-moduIes will be assumed to

be left 7?-modules. By a Noetherian /î-module we mean an Ä-module with ascending

chain condition on submodules. An 7?-module is said to be Artinian if it has

descending chain condition on submodules. A left Noetherian ring is a ring that is

Noetherian as a left module over itself. The term "ideal" will refer to a two-sided

ideal unless it is adorned with the adjective "left". Also Jt will denote the category

of all 7?-modules and 7?-homomorphisms.

Following the terminology of A. W. Goldie in [2], we define an 7?-module M to

be finite dimensional over 7? if there does not exist an infinite chain of submodules

of M of the form Mx^Mx © M2<=-Mx ® M2 © M3<= ■ ■ • where Mx, M2,... are

nonzero submodules of M. A submodule U of M is said to be uniform if i/# (0) and

every pair of nonzero submodules of U has nonzero intersection. A submodule E

of M is called essential if E has nonzero intersection with every nonzero submodule

of M.

In [2] Goldie assumes that each of his 7?-modules, M, has the property that if m

is in M and Rm=0, then m = 0. This assumption is not used in the proof of [2,

Lemma 3.1]. Goldie's proof of [2, Lemma 3.2] can be slightly modified in order to

give a proof which does not use this assumption. With this modification we have

3.1, 3.2, and 3.3 in [2] at our disposal without this assumption.

From [2, Theorem 3.3] we have that if M is a finite dimensional 7?-module, then

there exists a positive integer « such that any direct sum of uniform submodules of
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M having maximal length has « terms and every direct sum of nonzero submodules

of M has at most « terms. Furthermore a submodule of M is essential if and only

if it contains a direct sum of « uniform submodules. Goldie calls this integer «,

the dimension of M over A and denotes it by dim M.

Let M be an A-module. If M is finite dimensional then A is an essential sub-

module of M if and only if dim A=dim M. Also M is uniform if and only if

dimM=l. If M=Ny © N2 then dim M=dim Ny + dim N2. If M is either a

Noetherian or an Artinian A-module then M is finite dimensional. There exist finite

dimensional A-modules which are neither Noetherian nor Artinian. For example

the rational numbers Q are a 1-dimensional module over the rational integers Z;

however, Q is neither a Noetherian nor an Artinian Z-module.

The following definitions are taken from [4], [7], [8], and [9]. An ideal SP in A

is called a prime ideal if for ideals /, / in A, the product IJ^SP implies I<^£P or

yça? If A is commutative this definition is equivalent to the following: @ is prime

if whenever a product rs of two elements of A is in 3P then r is in & or í is in 0*.

If si is an ideal in A then the primary radical of s/, denoted p(sé), is the inter-

section of all prime ideals in A which contain sí. If A is a commutative ring and

si is an ideal in A, then from [9, p. 151], p(s£) = {r e A : rn e s/ for some positive

integer «}. If N' and N" are submodules of an A-module M, then the left residual

quotient of AT and N", denoted (N':N"), is {r e A : rN"çN'}. If M is an A-module,

then the primary radical of M, denoted p(M), is the primary radical of (0:M).

A submodule N of M is called primary if each r in A, which annihilates a nonzero

submodule of M/N, lies in p(M/N). For a module over a commutative ring this

definition of a primary submodule is equivalent to the one in [9, p. 252].

The tertiary radical of an A-module M, denoted t(M), is defined to be {r e R:

there exists an essential submodule A of M with rA=0}. The tertiary radical of

an A-module is an ideal in A. A submodule N of M is called tertiary if each r in

A, which annihilates a nonzero submodule of M/N, lies in t(M/N).

2. Radical functions. Let A be a ring and let C be a family of A-modules such

that if M is in C and 0-*M'->M^>-M"-+0 is an exact sequence in Jt, then

M' and M" are in C. A function, r, from C to a family B of ideals in A is called

a radical function on C relative to B if M in C and 0 —> M' —> M exact in Jt

implies that r(M')^r(M).

Examples of radical functions on Jt are provided by r(M) = (0:M) for M in Jt

and by the primary radical, p.

Lemma 2.1. Let M be an R-module and let 0 -» M ' -*■ M be exact in Jt. Then

t(M')^t(M). Moreover if E is an essential submodule of M then t(E) = t(M).

Proof. It suffices to show that t(M')^t(M) with M' any submodule of M. Let

r e t(M). Then there exists an essential submodule F of M such that rF=0. If

M' = (0) then the result follows immediately. If MV(0) then An M'#(0). Clearly
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F n M' is an essential submodule of M' and r(F n M') = 0. Therefore r e t(M')

and so t(M')^t(M).

From the preceding paragraph, t(E)^t(M). For the other inclusion let r e t(E).

Then there exists an essential submodule G of £ with rG = 0. But G is an essential

submodule of M. Hence r e t(M).

From this lemma it follows that the tertiary radical, t, is also a radical function

on Ji.

Suppose that r is a radical function on C. A module S in C is said to be r-stable

if 5^(0) and for each nonzero submodule N of S, r(N) = r(S). Apparently every

irreducible module M in C is r-stable. Lemma 2.1 shows that each uniform R-

module is /-stable. Every nonzero submodule of an r-stable module is r-stable.

Let M be in C. An ideal si in R is called an associated ideal of M with respect

to r if there exists an r-stable submodule 5 of M such that si = r(S). Let A(M)

denote the set of associated ideals of M. We notice that if S is r-stable then A(S)

consists of the single ideal, r(S). A most important property of A(M) is that if si

is in A(M) then there exists an r-stable submodule S of M such that A(S) = {si}.

The technique of using the following sequence of propositions in order to execute

the proof of the main existence theorem in §4 is patterned after that of Bourbaki

in [1, pp. 131-146]. For the remainder of this section we will consider the same

radical function r on C.

Proposition 2.2. If M is in C and 0^M'-+M^M"^0 is exact, then

A(M')^A(M)^A(M') u A(M").

Proof. It is sufficient to consider M' as a submodule of M. Then the inclusion

A(M')^A(M) is evident.

Suppose that si e A(M). Then there exists an r-stable submodule S of M such

that si=r(S). If M' n 5/(0) then M' n Sis an r-stable submodule of M' and so

si e A(M'). If M' n S = (0) then the submodule M' + S/M' of M/M' is isomorphic

to S. Therefore M' + S/M' is r-stable and hence si e A(M/M') = A(M").

Proposition 2.3. If M in C is the (set theoretic) union of a family {M¡} of sub-

modules of M, then A(M) = {J A(MX).

Proof. The inclusion A(M)^\J A(Mt) follows from 2.2. If sé e A(M) then

there exists an r-stable submodule S of M such that si=r(S). Then S n M^(0)

for some i. Therefore S n Mt is an r-stable submodule of Mt and so si e A(M¡).

Proposition 2.4. If M in C is the direct sum of a family {Mi : i e I}, then

A(M) = U A(Mt),       (ie/).

Proof. By using 2.3 we can immediately reduce the proof to the case where 7 is

finite. By using induction on the cardinality of 7 we can then reduce the proof to

the case where / has cardinality 2. Hence suppose that I={i,j}, i¥=j- Then M/M¡
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is isomorphic to M¡ and we have that A(M)^A(M¡) u A(M¡) by 2.2. The other

inclusion A(Mt) u A(M,)^A(M) is evident.

Proposition 2.5. If M is in C and E is an essential submodule of M, then

A(E) = A(M).

Proof. Proposition 2.2 shows that A(E)^A(M). For the other inclusion let

si' e A(M). Then there exists an r-stable submodule S of M such that s/=r(S).

Since A is essential, A n S is an r-stable submodule of A. Therefore si e A(E).

Proposition 2.6. Let M be in C. If si is in A(M) then there exists a submodule N

of M such that

(1) A(M/N) = {si},

(2) A(N) = A(M)-{si}.

Also any submodule N of M which is maximal with respect to the property that

A(N)^A(M)-{si} satisfies (1) and (2).

Proof. Let & be the family of submodules Wof Ms\xchthatA(W)^A(M)-{si}.

Partially order !F by inclusion. Proposition 2.3 shows that J5" is inductive. Also

■^V 0 since (0) e ^ By Zorn's Lemma there exists a maximal element N in ¡F.

Since si e A(M) and A(N)^A(M)-{si}, it follows from 2.2 that si e A(M/N).

Let & be any element of A(M/N). Then there exists an r-stable submodule S/N of

M/N such that &=r(S/N). By Proposition 2.2, A(S)<=A(N) u A(S/N). Now

A(S/N) = {@} and so A(S)^A(N) u {3S}. However A' is a maximal element of &

and hence N^S implies that S $ &. Therefore si e A(S) but si $ A(N). So si

must be equal to äS. Consequently A(M/N) = {si}. In view of 2.2 it now follows

that A(M) — {si}^A(N). This completes the proof.

Suppose that M is in C. For each si e A(M), let N(si) be a submodule of M

such that A(M/N(si)) = {si} and A(N(si)) = A(M)-{s/}. Consider

H {N(si) : si e A(M)}.

For each si e A(M) we have that A(f)^eMm N(si))^A(N(si)) = A(M)-{si}.

Therefore A(C\^eMM) N(si))= 0 .If M has the property that for each submodule

N of M, A(N)= 0 implies N=(0), then we would have a decomposition of (0)

in M.

Lemma 2.7. The following are equivalent for M in C:

(a) for each submodule N of M, A(N)= 0 if and only if N=(0);

(b) each nonzero submodule of M contains an r-stable submodule.

Proof. The equivalence follows immediately from the definitions.

An example of this type of situation is the following. Suppose that M is a finite

dimensional A-module. Goldie shows in [2, Lemma 3.1] that each nonzero sub-

module of M contains a uniform submodule. Therefore each nonzero submodule

of M contains a /-stable submodule.
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The above argument proves the following:

Theorem 2.8. If each nonzero submodule of M in C contains an r-stable sub-

module, then there exists a decomposition of(0) in M of the form (0) = C\sisMM) N(si)

where A(M/N(si)) = {si) for si e A(M).

In this section we have started with a radical function r on C and we have

obtained a decomposition of (0) in M for each M in C which has the property that

each nonzero submodule contains an r-stable submodule. It should be noted that

for such a module M, {N(si) : si e A(M)} may be infinite. If this is the case, then

this decomposition of (0) may not be irredundant, i.e., one such that no proper

subset of {N(si) : si e A(M)} has (0) for its intersection. See Example 2. In §4 we

will see that A(M) being finite is sufficient to guarantee the existence of an irredund-

ant decomposition of (0) in M.

3. Associated ideal functions. Let 7? be a ring and let C continue to denote the

same family of /^-modules as in §2. A function T from C to a family D of sets of

ideals of R is called an associated ideal function on C relative to D if M in C and

0 -± M' ->- M exact imply that T(M')<^ T(M). If r is a radical function on C and if

A(M) denotes the set of associated ideals of M with respect to r then Proposition

2.2 shows that A is an associated ideal function on M.

Suppose that T is an associated ideal function on C. A module S in C is said to

be T-stable if 5/(0) and there exists an ideal si in R such that for each nonzero

submodule A^ of S, T(N)={si}. We notice that each nonzero submodule of a

T-stable submodule is T-stable. If S is an r-stable submodule of M then S is

^4-stable.

From an associated ideal function T on C, define rr(M) = (~) {si : si e V(M)}

for each M in C.

Proposition 3.1. If M is in C and 0 -> M' -> M is exact then rr(M')^rr(M).

Proof. Since T(Af')sT(A7) we have that

D {si : sie T(M')} 2 C] {si : sie T(M)}.

Therefore rr(M')^rr(M).

This proposition shows that from an associated ideal function T on C, we can

obtain a radical function rr on C. Now we will drop the T on rr and use the

notation T ->- r to indicate that r is the radical function obtained in this way from

T. Likewise we will use r —> T to indicate that T is the associated ideal function

obtained from the radical function r by the method of §2.

Proposition 3.2. Let r' be a radical function on a family C and let r' -> Î" -> r".

Tor each M in C,

r'(M) S r"(M) = C) {r'(S) : 5 is an r '-stable submodule of M}.
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Hence a necessary and sufficient condition for r' = r" is that for each M in C,

H {r'(S) : S is an r'-stable submodule of M)^r'(M).

Proof. Let Me C. If 5 is any submodule of M, then r'(M)<^r'(S). Therefore

r'(M)^C) {r'(S) : S is an r'-stable submodule of M}. The rest of the proof is

quite evident.

Proposition 3.3. Let T be an associated ideal function on C and let Y ->r' ^>

T' -> r". If for each M in C and si in Y(M) there exists a r-stable submodule S of

M such that T(S) = {si}, then r' = r".

Proof. Let M e C. If si e Y(M) then by hypothesis there exists a T-stable sub-

module S of M such that T(S) = {si}. Since T -> r', we have that 5 is also r'-stable

and si = r'(S). Therefore T(M)ç{r'(S) : S is an r'-stable submodule of M}. Thus

fl {r'(S) : S is an r'-stable submodule of M} g f) {si : si e Y(M)} = r'(M).

So 3.2 shows that r' = r".

Proposition 3.4. Let r be a radical function on C. If r-*■ T ->■ r' -*■ V -> r",

then r' = r".

Proof. Since r -> T, we have that for each M e C and si e Y(M) there exists an

r-stable submodule S of M with r(S)=si. Then S is also T-stable and so the

result follows from 3.3.

Theorem 3.5. Let T be an associated ideal function on C and let Y -+ r' -> T'.

Then Y = Y' if and only if the following conditions are satisfied:

(1) for each M in C, Y(M)= 0 if and only if M=(0), and

(2) for each M in C and si in Y(M) there exists a Y-s table submodule S of M

such that Y(S)={si}.

Proof. Suppose that Y = Y' and MeC. If M = (0), then F'(M)=0 because

r'-stable submodules of M are nonzero by definition. Hence T(A7)= 0. If A//(0)

and Y(M) = 0, then Y(N) = 0 for each nonzero submodule N of M. Therefore

r'(N) = R for each nonzero submodule N of M since r'(N) is an empty intersection.

Hence M is r'-stable and so R e Y'(M). This contradicts T = T'. Therefore (1).

In order to show (2) let si e Y'(M). Then there exists an r'-stable submodule 5

of M such that si = r'(S). Since S is r'-stable it is T'-stable with Y'(S)={si}. So

(2) follows because T = T'.

Suppose that (1) and (2) hold. Let M e C and si e Y(M). From (2) there exists

a T-stable submodule S of M such that Y(S) = {si}. Since T -^ r', S is also r'-stable

and r'(S) = si. Therefore si e Y'(M).

Now let si e Y'(M). Then there exists an r'-stable submodule N of M such that

si=r'(N). Since W#(0), Y(N)¿ 0 by (1). If 3S e Y(N), then (2) shows the existence

of a T-stable submodule S of N with Y(S)={@}. Moreover r'(S)=âS. Therefore

si=r'(N) = r'(S) = 3S and so si e Y(M).
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Proposition 3.6. Let r be a radical function on C and let r -> T ^ r' ->• V.

Then T = V if and only if each nonzero M in C contains an r-stable submodule.

Proof. If r = T' and Mis a nonzero module in C, then 3.5 yields that T(M)^ 0.

Since r -> T, there exists an r-stable submodule of M.

Suppose that each nonzero M e C contains an r-stable submodule. Then T(M)

= 0 if and only if M=(0). Furthermore for each M e C and si e T(M), there is

an r-stable submodule S of M with si = r(S). Since S is r-stable, it is also r-stable

and r(S)={si}. Therefore r = T' by 3.5.

4. Decomposition theories. Let A be a ring. A family C of A-modules is called

an admissible family for a decomposition theory if the following conditions are

satisfied:

(1) if M is in C and 0 -> M' -*■ M -> M" -> 0 is an exact sequence in Jt, then

M' and M" are in C; and

(2) if M' and M" are in C, then M' © M" is in C.

The family of all Noetherian A-modules is an example of an admissible family

for a decomposition theory. We now prepare to define a most important collection

of admissible families.

Let r be a radical function on an admissible family C of A-modules and let A be

the associated ideal function on C that is obtained from r. An A-module M is

said to be worthy of a decomposition theory with respect to r or just r-worthy if

each factor module M" of M satisfies the following conditions:

(a) each nonzero submodule of M" contains an r-stable submodule, and

(b) A(M") is finite.

If a section of an A-module M is defined to be a factor module of a submodule of

M, then (a) can be equivalently stated as follows: each nonzero section of M

contains an r-stable submodule.

Proposition 4.1. Suppose that r is a radical function on an admissible family C

of R-modules, M is in C, and 0 —> M' -> M —> M" —> 0 is an exact sequence in Jt.

Then M is r-worthy if and only if both M' and M" are r-worthy.

Proof. It is sufficient to consider M' as a submodule of M and M" as the factor

module M/M'.

Assume that M is r-worthy. Since each factor module of M' is a section of M,

it follows that M' is r-worthy. Also each factor module of M" is isomorphic to a

factor module of M. Hence M" is r-worthy.

Assume that both M' and M" are r-worthy. Suppose that S is a nonzero section

of M. Then 5 has the form TV/TV" where N', N are submodules of M. If N' n M'

£N n M' then the section N n M'/N' n M' of M' is isomorphic to a nonzero

submodule of N/N'. So 5 contains an r-stable submodule. If N' n M' = N n M'

then (N+M'/M')/(N' + M'/M')^N/N'. Consequently the worthiness of M"

gives an r-stable submodule of S. Therefore M satisfies (a).
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In order to show that M satisfies (b), let M/P be a factor module of M. Consider

the following existing isomorphisms:

M' + P M' M M/M'_ ^w _     'inn      _  '"*■'  _-_■

P      = M'nP M' + P = M' + P/M'

Proposition 2.2 yields that

if), 4?F) u ijth) - AjZtA u Ajäfo}
Since both M' and M" satisfy (b), the union of the two sets on the right is finite.

Therefore A(M/P) is finite. It follows that M is r-worthy.

This proposition shows that the subfamily of all r-worthy ^-modules in C is an

admissible family for a decomposition theory. It results from this that any r-worthy

^-module can be imbedded in an admissible family of r-worthy /(-modules.

Let C be an admissible family for a decomposition theory. An associated ideal

function T on C relative to D is called a decomposition function if for each M in C

and0^A/'^M^A7"^0exact, T(A7)sT(M') u T(A7").

If r is a radical function on an admissible family C, then Proposition 2.2 shows that

the associated ideal function that is obtained from r is a decomposition function.

Proposition 4.2. Let Y be a decomposition function on an admissible family C.

If M is in C and 0 -> M' -*■ M -> M" —> 0 is exact, then

rr(M') 2 rr(A7) 2 rr(M') n rr(M").

Proof. The inclusion rr(A/')2rr(A/) follows from 3.1. Since T(M)çT(A/')

U T(A7") we have that rr(A7') n rr(M")çrr(M).

Proposition 4.3. Let Y be a decomposition function on an admissible family C.

Suppose that {Nt} is a finite set of modules in C. Then

(i) r(2®/vt)=ur(/Y,),
(ii) rr(2®Ni) = nrr(Ni).

Proof. We have that (i) follows immediately by induction from the definition

of a decomposition function. And (ii) follows from (i) by definition of rr.

Proposition 4.4. Let Y be a decomposition function on an admissible family C.

Suppose that M is in C and {Nt} is a finite set of submodules of M. If (0) = O Nu then

(i) iw)sur(M//v,),
(ii) rr(A/)2fVr(A//Ai<).

Proof. The canonical mapping M -> 2e M/Nt is injective. Therefore

T(A7) g r(2® M/N^ = U IW//V,).

Likewise (ii) follows.

Let T be an associated ideal function on an admissible family C. Suppose M/N
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is in C. We say that N is a T-submodule of M if M/N is r-stable. An element M in

C is said to be T-finite if T(M) is a finite set. A finite set {Nt : i el} of submodules

of M in C is a Y-decomposition of N in M if the following conditions are satisfied :

(1) fta Nt = N and for no i g / is fWi tyS/Y,;
(2) the A/,, / g / are T-submodules of M; and

(3) Y(M/Ni)^Y(M/Ni) for i^f
Notice that if / is empty then the empty intersection, (~) {Nt : ie I} = M and so

M/N is zero.

Proposition 4.5. Suppose that V is a decomposition function on an admissible

family C, M is in C, and{N¡} is a Y-decomposition of(0) in M with Y(M/Nj) = {sii).

Then:

(a) Y(M) = (Ji{sii},

(b) r(Ni) = Ui*i{^i},and

(c) C\i*i ty is Y-stable with r(fl,#i Ni)={sii}.

Proof. Since {A/J is a T-decomposition of (0) in M, Dj^¡ N¡^(0). Moreover

Hy#j Nj is isomorphic to a nonzero submodule of M/Nt. So f\#i Nj >s r-stable

because M/Nt is r-stable. Hence Y(C]j ¿, A7,) = {^}. Therefore (c).

Proposition 4.4 shows that T(M)ç{JiY(M/Ni) = [Ji{^}- For each i, {si^ =

?(\\*i N,)<=Y(M). Therefore (a).

Since N¡ n (f)/*! N¡) = (0), N¡ is isomorphic to a submodule of M/f)j^l Nj. So

r(Ni)çr(M/C]1^i Nj). Proposition 4.4 shows that Y(M/r)j^i ty) = U>#i {■»#•

Hence r(A/j)£lJi#i {j^}. Because T is a decomposition function, Y(M)^Y(Ni)

u r(M¡Nt) = Y(Ni) u M}. Therefore lJ/#< K}= r(/V,). Hence (b).

Proposition 4.6. Suppose that Y is a decomposition function on an admissible

family C, M is in C, and (0) has a Y-decomposition in M. Then each nonzero sub-

module of M contains a Y-stable submodule.

Proof. Let {A^ : / g /} be a T-decomposition of (0) in M. We use induction on

the cardinality of A If the cardinality of / is 0 then M = (0) and the proposition is

vacuous. If the cardinality of/is 1, then ^=(0) and Mis r-stable. Therefore each

nonzero submodule of M is r-stable.

Assume that the conclusion holds for any M and / for which the cardinality of

/ is less than «. Let / have cardinality «, « > 1, and let N be a nonzero submodule

of M. If N n (C]i¥,y Nj)^(0), then N n (H^i N,) is a r-stable submodule of N

because Oj#i Nf is r-stable by 4.5(c). If N n (H^i N}) = (0), then N is isomorphic

to a nonzero submodule of M/n>*i N¡. The set {NJ(~)j¿y Nj : i=2,..., ri} is a

T-decomposition of (0) in M/f\}i,yNj. Therefore by induction, A' contains a

T-stable submodule.

Proposition 4.7. Suppose that Y is a decomposition function on an admissible

family C, M is in C, and (0) has a Y-decomposition in M. Then :

(1) T(M) = 0 if and only if M=(0),
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(2) M is Y-finite, and

(3) for each si in Y(M), there exists a Y-stable submodule S of M such that

Y(S) = {si}.

Proof. If M/(O) then 4.6 shows that M contains a T-stable submodule S.

Then Y(S)^Y(M) is nonempty. Hence Y(M)¿ 0. Suppose that Y(M)¿ 0. Then

4.5(c) shows that M contains a T-stable submodule which is nonzero by definition.

So A//(0). Hence (1).

Now (2) follows from 4.5(a) and (3) follows from 4.5(c).

Proposition 4.8. Suppose that Y is a decomposition function on an admissible

family C, M is in C, and {Nt} is a Y-decomposition of(0) in M with Y(M/Ni) = {sii}.

Let M(sii) = C]^i Nj. Then:

(1) if N is a submodule of M and si¡ is in Y(N), then N n M(sit)^(0), and

(2) 2® M(si?) is an essential submodule of M.

Proof. If N n M(sit) = (0), then N is isomorphic to a submodule of M/M(s^).

So Y(N)^Y(M/M(sil)). Proposition 4.4 shows that Y(M/M(sii))c:(J^i{siJ}.

Therefore Y(N)^\Jj^i{sij}. This contradicts siteY(N). Hence N n MK)#(0).

The 2i M(si¡) in (2) is direct since (~)¡ N{ = (0). Let N be any nonzero submodule

of M. Proposition 4.6 shows that N contains a T-stable submodule S. Now

Y(S) = {si¡} for some i because Y(S)^Y(M). Then (1) implies that N n A/(X)#(0)

because site Y(N). Therefore N n (]>f M(sii))^(0). Hence (2).

Theorem 4.9. Suppose that r is a radical function on an admissible family C, A is

the associated ideal function on C that is obtained from r, and M is in C. Then (0)

has an A-decomposition in M if and only if

(a) each nonzero submodule of M contains an r-stable submodule, and

(b) M is A-finite.

Proof. Suppose that (0) has an /1-decomposition in M and A is a nonzero

submodule of M. Proposition 4.6 shows that N contains an /1-stable submodule S.

Since A(S)^ 0 and r -^ A, we have that N contains an r-stable submodule.

Statement (b) follows from 4.7.

Suppose that (a) and (b) hold. For each si e A(M) choose a submodule N(si)

of M which is maximal with respect to A(N(si))^A(M) — {si}. Proposition 2.6

shows that A(M/N(si)) = {si} and A(N(s/)) = A(M)-{si}. By the argument

preceding Lemma 2.7, we have that A(f~]^eA(m N(si))= 0. Lemma 2.7 produces

that C]^MM)N(si) = (0).

We claim that M/N(si) is ,4-stable for each si e A(M). Suppose that S/N(si)

is a nonzero submodule of M/N(si). Then S^N(si) and A(S)^A(N(si)) u

A(S/N(si)). Since N(si) is maximal with respect to A(N(si))^A(M)-{si}, we

have that sie A(S) but si £ A(N(si)). Hence si e A(S/N(si)). Therefore

A(S/N(si)) = {si}

and M/N(si) is ^-stable.
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All that remains to be shown is that for no & e A(M) is n^#* N(si)<^N(3ä).

If for some 38 e A(M), fV*ss N(si)<^N(8S); then fV** N(si) = (0). Since A(M)

is finite, Proposition 4.4 shows that A(M)<^\Js.j±g¡ A(M/N(si))=-A(M)-{3S}.

This is a contradiction. Hence the theorem is proved.

Suppose that r is a decomposition function on an admissible family C. We say

that T is a decomposition theory on C if for each M in C, (0) has a T-decomposition

in M.

Theorem 4.10. Let r be a radical function on an admissible family C and let A be

the associated ideal function on C that is obtained from r. A necessary and sufficient

condition that A be a decomposition theory on C is that each module in C be r-worthy.

Proof. Assume that A is a decomposition theory on C. In order to show that

each module in C is r-worthy, it suffices to show that each M in C satisfies (a) and

(b) of Theorem 4.9. Indeed these follow from 4.9.

The sufficiency of the condition also follows from 4.9.

Theorem 4.11. Let Y be a decomposition theory on an admissible family C. Then

it is possible to obtain Y from the radical function rr by using the technique of §2.

Proof. Consider Y —> rr —> A. From 4.7 and 3.5 we have that Y = A. Therefore

rr^r.

In view of this result it appears that the technique of constructing a decom-

position theory from a radical function is the natural way to construct decom-

position theories.

Theorem 4.12. Let Y be a decomposition function on an admissible family C.

Then Y is a decomposition theory on C if and only if

(1) for each M in C, Y(M)= 0 if and only //M = (0);

(2) each M in C is Y-finite; and

(3) for each M in C and si in Y(M), there exists a Y-stable submodule S of M

such that Y(S)={si}.

Proof. Proposition 4.7 yields the necessity.

In order to show sufficiency consider Y ->r -> A. Theorem 3.5 shows that Y = A.

We claim that C is an admissible family of r-worthy modules. In order to show this,

it suffices to show that each nonzero module in C contains an r-stable submodule.

Let M be a nonzero module in C. Then Y(M)=£ 0. Suppose that sieY(M).

Then by (3) there exists a r-stable submodule 5 of M with Y(S) = {si}. Also S is

r-stable and hence C is an admissible family of r-worthy modules. The sufficiency

now follows from 4.10; in that, A is a decomposition theory on C.

Proposition 4.13. Let Y be a decomposition theory on an admissible family C

and let M be in C. Then for each essential submodule E of M:

(1) Y(E) = Y(M) and

(2) rr(E) = rr(M).
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Proof. From 4.11 we have that rr -> F. Therefore (1) follows from Lemma 2.5.

Conclusion (2) follows immediately from (1).

Corollary 4.14. Let Y be a decomposition theory on an admissible family C.

If ' U in C is uniform, then

(i) U is Y-stable, and

(ii) U is rr-stable.

Proof. The proof is evident.

Proposition 4.15. Let Y be a decomposition theory on an admissible family C

and let M be a nonzero module in C. Then (0) is a Y-submodule of M if and only if

M is rr-stable.

Proof. If (0) is a T-submodule of M, then M is T-stable and hence M is rr-stable.

From 4.11 we have that rr -> T. Therefore if M is rr-stable, then M is T-stable.

Wherefore (0) is a T-submodule of M.

Let T, Q be two decomposition theories on an admissible family C. Then T is

said to be smaller than Í2 on C if for each M in C, rv(M)^ra(M). In terms of the

ideals associated to M in C by T and Q, "T smaller than fi on C" says that each

ideal in Y(M) is contained in one or more ideals of Q.(M). In order to show this

let si be in Y(M). Then there exists a T-stable submodule S of M such that T(S) =

{si}. Thus si=rr(S)^rn(S) = r\me¡KS)&. Note that Q(5) is nonempty since

5^(0) and £2 is decomposition theory.

A decomposition theory T on an admissible family C is said to be normal on C

if it has the following two properties:

(a) if M is in C and si is in Y(M), then si^(0:M); and

(b) T is the smallest decomposition theory on C which satisfies (a), i.e., if £2 is

any decomposition theory on C which satisfies (a), then T is smaller than £2 on C.

We notice that (a) is equivalent to the following: for each M in C, rr(A/)2(0: M).

Suppose that T is a decomposition theory on an admissible family C of R-

modules. If / is an ideal in R, then the set of all M in C that are annihilated by / is

an admissible family D of /^//-modules. Suppose that for each M in D and si in

Y(M), si^I. Then the function YRII defined on M in D by YRI,(M) = {si/I : ja/isin

Y(M)} is an associated ideal function on D. Therefore property (a) in the definition

of normality simply guarantees that for each ideal / in R, YRII is defined on 77.

By T being a normal decomposition theory on C, we are roughly saying that T

is the decomposition theory on C which assigns to each M in C the "smallest"

ideals which contain (0:M).

Theorem 4.16. Let Y, £2 be two normal decomposition theories on an admissible

family C. Then Y = Q.onC.

Proof. Since T, Q are normal on C, we have that for each M e C, rr(M) = rn(M).

Theorem 4.11 shows that rr-^Y and rn -» £2. Therefore T = D because rr = rn.
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Corollary 4.17. If Y is a normal decomposition theory on C then Y is the unique

normal decomposition theory on C.

5. Existence of the tertiary theory. In §2 we saw that the tertiary radical, /, is a

radical function on Jt. Now we will examine the associated ideal function that is

obtained from /. Suppose that M is an A-module. An ideal si in A is an associated

ideal of M with respect to / if there exists a /-stable submodule S of M such that

si = t(S). Denote the set of associated ideals of M by T(M). We have that Ais an

associated ideal function on Jt. Theorem 4.10 shows that A is a decomposition

theory on an admissible family C if and only if each module in C is /-worthy.

A finite set {A^ : i el} of submodules of an A-module M is a teritary decom-

position of N in M if the following conditions are satisfied:

(1) Hie/ N = N and for no i e I is n>#i#,SiVi;

(2) the A^i, i g /, are tertiary submodules of M; and

(3) t(M/Nt)*t(M/Nj) for i^j.

We will proceed to show that a decomposition is a tertiary decomposition if and

only if it is a A-decomposition.

Lemma 5.1. Let N be an R-module such that each nonzero submodule of N contains

a t-stable submodule. Let A denote the set of all t-stable submodules of N. Then

every sum of the form, 2SeA Ns where Ns is a nonzero submodule of S, is an essential

submodule of N.

Proof. Let W be a nonzero submodule of N. Then W contains a /-stable sub-

module V. Since Kg A, we have that Wn 2SsA Ns^Nv^(0). Therefore 2S£A Ns

is essential.

Proposition 5.2. Let M be an R-module such that each nonzero submodule of M

contains a t-stable submodule. Then for each nonzero submodule N of M, t(N) = rT(N)

where t -> A -> rT.

Proof. Let A denote the set of all /-stable submodules of N. It follows from 3.2

that it is sufficient to show that (~]SlBAt(S)^t(N). Suppose that r e r)seA t(S).

Then for each 5eA there exists a nonzero submodule Ns of 5 such that rNs = 0.

Lemma 5.1 shows that 2S6A Ns is an essential submodule of N. Since rQ\¡eA Ns) = 0,

we have that r e t(N).

Theorem 5.3. Let M be an R-module. Then the following are equivalent:

(a) (0) is a T-submodule of M with T(M)={s/};

(b) (0) is a tertiary submodule of M with t(M) = si;

(c) M is t-stable with t(M)=si.

Proof. Assume that (a) holds. Then each nonzero submodule II7 of M contains

a /-stable submodule since sieT(W). Therefore Proposition 5.2 shows that for

each nonzero submodule N of M, t(N) = rT(N) = si. In particular t(M) = si. Let
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r e R annihilate a nonzero submodule S of M. Then r e t(S) = si. Hence r e t(M)

and so by definition (0) is tertiary. Whence (a) implies (b).

Assume that (b) holds. Suppose that A is a nonzero submodule of M.lfre t(N),

then r annihilates a nonzero submodule of M. Thus r e t(M) since (0) is tertiary.

So t(N)^t(M). The other inclusion follows from 2.1. Therefore t(N) = t(M) and

M is /-stable. Hence (b) implies (c).

That (c) implies (a) is evident.

This theorem shows that a decomposition is a tertiary decomposition if and

only if it is a 7-decomposition. Therefore, if 7 is a decomposition theory on an

admissible family C, then we call 7 the tertiary decomposition theory on C. We now

have the following important theorem as a corollary of Theorem 4.10.

Theorem 5.4. Let R be an arbitrary ring and C an admissible family of R-modules.

Then a necessary and sufficient condition that the tertiary decomposition theory

exists on C is that each module in C be t-worthy.

At this point it might be rather difficult for the reader to visualize an admissible

family of/-worthy TJ-modules. Therefore we will proceed to investigate a collection

of rather nice admissible families of /-worthy /^-modules.

Proposition 5.5. Suppose that M is an R-module which is « dimensional over R.

Then the cardinality ofT(M) is at most n.

Proof. From [2, Theorem 3.3] we have that there exists an essential submodule

E of M of the form E=Ux © U2 ©• • •© Un, where U¡, l^Ükn, are uniform.

Proposition 2.5 shows that T(M) = T(E). And T(£) = (J?=i T(Ut) by 2.4. Since for

each i, 1 £/3r, Ut is uniform, the set T(í/¡) consists of a single ideal. Therefore the

cardinality of T(M) is at most «.

As we remarked in §2, each nonzero submodule of a finite dimensional R-

module contains a /-stable submodule. In view of this and 5.5 we have the following

proposition :

Proposition 5.6. If each factor module of an R-module M is finite dimensional

over R, then M is t-worthy.

From this proposition we see that an admissible family of finite dimensional

/^-modules is an admissible family of /-worthy /î-modules. If M is a Noetherian

/^-module, then each factor module of M is Noetherian. Hence each factor module

of M is finite dimensional over R. Likewise if M is Artinian, then each factor

module of M is finite dimensional over R. Consequently if M is either Noetherian

or Artinian, it is /-worthy. This proves the following corollary of 5.4.

Corollary 5.7. Suppose that R is an arbitrary ring and that C is either an

admissible family of Artinian R-modules or an admissible family of Noetherian

R-modules. Then for each M in C, there exists a tertiary decomposition of(0) in M.
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Lesieur and Croisot have proved the above corollary in [7] with the following

additional and unnecessary assumption on each M in C:

Assumption 1. For each submodule N' of M, A has the ascending chain

condition on ideals of the form (N':N"), N" a submodule of M.

6. Associated ideals. One question, above all others, led to the writing of this

paper. It is the following. Let A be an arbitrary ring and let M be a Noetherian

A-module. Is it possible to associate prime ideals in A to the submodules of M in

some way, in order to obtain some kind of a decomposition of the submodules

of M? If we are willing to put the ascending chain condition on a certain family of

ideals of A as set forth in Assumption 1, then the answer is "yes". We would

associate a prime ideal & in A to M if and only if there exists a nonzero submodule

N of M such that for each nonzero submodule W of N, £? = (0: W). Denote this

set of associated prime ideals of M by Ass (M). Then, as Riley has shown in [8],

we would obtain the tertiary decomposition theory. If we are not willing to put

this assumption on A, then what? With the possible sacrifice of the primeness of the

associated ideals of M, we have shown in §5 that we can obtain a decomposition

theory for a Noetherian A-module. To our delight we still get the tertiary de-

composition theory. To our amazement we still get the tertiary decomposition

theory even for a much more general module than a Noetherian module. The

following example shows however that we did in fact sacrifice the primeness of the

associated ideals.

Example 1. Let V be a countably infinite dimensional vector space over a field

A. Let {vy, v2,...} be a basis for V. For each positive integer /', consider the subspace

Vt of V which is spanned by {v¡, vi + 1, vi + 2,...}. Let siy be the ring which consists

of those transformations, t, on V such that

(1) for each positive integer i, tV¡^ V¡, and

(2) for which there exists a positive integer j such that tV¡ = 0.

Define the linear transformation s on F by svi = vi + 1 for / odd and «'¡ = 0 for i

even. Note that s2 = 0. Let A be the ring generated over siy by s. Then siy is an ideal

in A.

It can be shown that the proper submodules of the A-module, V, are precisely

the Vh i=2, 3,.... Hence V is Noetherian, non-Artinian, and uniform as an

A-module.

The tertiary radical of V is siy. Since V is uniform, T(V) = {siy}. However siy is

not prime since R^siy but R2^siy.

Suppose that M is an A-module which satisfies Assumption 1. We will show that

with this assumption the associated ideals in A(M) become prime and our definition

of associated ideal is equivalent to the usual definition [8, p. 186] of associated

prime ideal; that being, a prime ideal in Ass (M).

Proposition 6.1. Let M be an R-module which satisfies Assumption 1. Then si

is in T(M) if and only if si is in Ass (M).
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Proof. Suppose that si e T(M). Then there exists a /-stable submodule U of M

with si=t(U). Consider ^ = {(0:S) : S is a nonzero submodule of U}. By

Assumption 1 there exists a maximal element (0:N) in !F. Since (0: A) is maximal,

(0: W) = (0:N) for each nonzero submodule W of N. Therefore si = t(N) = (0:N)

and so si = (0: W) for each nonzero submodule W of N.

In order to show that si is prime, suppose that IJGsi, I, J ideals in R. If 7$si

then TTWiO) and hence I<^(0:JN) = si. Wherefore jaf is prime and so si e Ass (M).

Suppose that a2 e Ass (M). Then there exists a nonzero submodule N of M

such that for each nonzero submodule W of N, @> = (0: W). Thence N is /-stable

and 0> = t(N). Accordingly 0> e T(M).

Proposition 6.2. Let R be a commutative ring and M an R-module. If si is in

T(M), then si is prime.

Proof. Since si e T(M), there exists a /-stable submodule U of M with si=t(U).

Suppose that r, s e R with rs e t(U). Then there is a nonzero submodule V of U

such that (rs)V=0. If s $ t(U) then sV^O. However r(sV) = 0 and so r e t(sV) = si.

Therefore si is prime.

By using the associated ideal function, T, we will now give an example of a

module M where the decomposition of (0) in M given by (0) = C\j^enM) N(si) is

not irredundant.

Example 2. Let F, V, V, for i'=l,2,..., and six be as in Example 1. Set

R = six © FI where / is the identity transformation on V. It can be shown that the

proper submodules of the /^-module, V, are precisely the Vu i=2, 3,....

Let M be the A-module, M= Vx © V/V2 © V/V3 ©• • -. We claim that each

nonzero submodule of M contains a /-stable submodule. Suppose that A is a

nonzero submodule of M. Then there exists a positive integer k and «! e Vx,

«2 e V/V2,... such that « = («i, «2,..., nk, 0,...) is in N. Hence Rn^Rnx © Rn2

®- ■ -® Rnk. For each i, V/Vt is a 1-dimensional /^-module in the sense of

Goldie. So Rnr © Rn2 ©• • •© Rnk is a ^-dimensional /^-module in the sense of

Goldie. Thence it follows from [2, Lemma 3.1] that Rn contains a uniform

submodule. Therefore N contains a uniform submodule which is necessarily

/-stable.

Proposition 2.4 shows that T(M) = T(Vx) u T(V/V2) u- • ■. The V/V¡ for

i=2, 3,... are uniform so that T(V/Vi) = {t(V/Vi)} = {(Vi: F,^)}. Set ^=(Fi: K,_0

for ¡ = 2,3,.... Since T(V1) = {si1}, we have that 7(M) = U.°°=i M}. The .<

i=1,2,... are distinct maximal ideals in /?.

For each ^ in T(M), one choice for the N(s%) in Proposition 2.6 is N(six) =

2,-Jjj F/F, and /V(j¡0 = Ki © Zf#¡ J7/^ for i^2. From these N(sit), i =1,2,...
we will construct a new choice which is intersection redundant.

If an Ä-module P is the direct sum of two submodules N and S, then for each

TMiomomorphism </>:N^S, the monomorphism /: « -^n + <f>(n) takes N onto

another complement, y%/V), of 5 in P. For each i—2, 3,... define 0¡ : A'(^) -* K/ K,
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by tpt: (Xj'.j=£i) ~> Xy+ Vt. In this manner we obtain for i — 2,3,... a complement

ftN(J%) of V/Vi in M where f: N(s¡t¡) -> M is given by

f : (Xj : j ¿ i) -> (Xj : x¡ = xy+ V%).

SetfyN(siy) = ir=% V/Vj.
For each z = l,2,... we have that T(M/fN(M)) = {^} and A(/i7vTK)) = A(M)

-{si,}. Therefore (0)=C)r=ifiN(^d-

We claim that Ç\?=2fiN(sid = (0). Suppose that x = (x, : j=l,2,.. .)e M is in

r\r=2fN(s^). An element y = (y¡ : 7=1, 2,...) g M is in fiNfâ) if and only if

>'i=Ji+ Pi- Hence x, = Xi+ V¡ for_/=2, 3.Assume that Xj#0. Since V{=>Vi + 1

for /'= 1, 2,... and Hi™ i ^¡ = 0» there exists a positive integer £ such that xx $ Vt

for i>k. Therefore we have reached a contradiction because Xy+V,- a nonzero

element of V/Vj for j>k contradicts the fact that x in the direct sum must have

only finitely many x¡ nonzero. Consequently xx=0 and so x = 0 since x; = x1+ V¡

for y = 2, 3,....

7. Uniqueness of the tertiary theory.

Proposition 7.1. On an admissible family C of t-worthy R-modules, the tertiary

decomposition theory, A, is normal.

Proof. Certainly if M g C and si e T(M), then si^(0: M).

Let Q. be a decomposition theory on C such that if M g C and si e Q(M) then

si^(0:M). Suppose that MgC and s e t(M). Then there exists an essential

submodule A of M such that sE=0. Moreover s e (0: A)Çrn(A). Proposition 4.13

shows that rn(E) = rn(M). Therefore t(M)<^rn(M). From 5.2 we have that rT(M) =

t(M) for each M e C. Thus A is smaller than Q on C and so A is normal on C.

From 4.17 we get the following theorem:

Theorem 7.2. On an admissible family C of t-worthy R-modules, the tertiary

theory, A, is the unique normal decomposition theory.

Goldie [2, Chapter 7, p. 12] raised the question as to whether the tertiary theory

is the only one that "provides all the salient features of an ideal theory" in the

sense of the classical theory in commutative Noetherian rings. Riley has shown in

[8] that the answer to this question is "yes", in the sense that, if A is a left Noether-

ian ring with an identity and C is an admissible family of finitely generated unitary

A-modules, then with certain reasonable assumptions (normality in the sense of

Riley), the tertiary theory is the only one that does provide all the salient features

of an ideal theory. Theorem 7.2 answers Goldie's question in the affirmative even

in this more general setting. In particular it shows that the tertiary theory is the

only natural generalization to Noetherian modules over an arbitrary ring of the

classical primary theory for Noetherian modules over a commutative ring.

A decomposition theory Y on an admissible family C is said to be normal in the

sense of Riley if for each M in C, the elements of Y(M) (1) are annihilating ideals
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for M, i.e., if si is in Y(M) then there is a nonzero submodule N of M with

siN=0; and (2) contain (0:M). While Riley's definition of a decomposition theory

differs slightly from ours, these two properties are the essential features of his

definition of normality. We will show that if Y is normal in the sense of Riley then

it is normal; however, there exist decomposition theories which are normal in our

sense but not in Riley's sense.

Proposition 7.3. Let Y be a decomposition theory on an admissible family C.

If Y is normal in the sense of Riley then Y is normal.

Proof. Suppose that Q is a decomposition theory on C such that if M g C and

38 e D(M) then ^2(0: M). In order to show that rr(M)^rn(M) for each M g C,

it is sufficient to show that for each M eC and 3ä e O(M), there is an si e Y(M)

such that si<^3ä.

Assume that M eC and 3S e Q(M). Then there exists an O-stable submodule S

of M with Q.(S) = {@}. Since Sj=(0), there is an si in Y(S). Because Y is normal in

the sense of Riley there exists a nonzero submodule N of S with si^(0:N). We

have that Q.(N) = {38} and so (0:N)^@. Hence si^SS. Thence rr(M)çrn(M) for

each M in C and so Y is smaller than D on C. Whence Y is normal.

Example 3. Consider the A-module V of Example 1. Each factor module of V

is 1-dimensional over A. Proposition 5.6 shows therefore that V is /-worthy. So V

is contained in an admissible family C of /-worthy A-modules. The tertiary de-

composition theory, A, exists and is normal on C by 5.4 and 7.1. However Ais not

normal in the sense of Riley on C because siy is in A( V), but six is not an annihilating

ideal for V. Thus these two concepts of normality do not in general coincide.

Proposition 7.4. Suppose that C is an admissible family of t-worthy R-modules

such that each module in C satisfies Assumption I. If a decomposition theory Y is

normal on C then it is normal in the sense of Riley.

Proof. From Theorem 7.2, T = A. If M g C and sieY(M), then 6.1 shows that

si e Ass (M). Therefore si is an annihilating ideal for M and si^(0: M). Whence

T is normal in the sense of Riley on C.

8. Axiomatic tertiary theory. Let A be a left Noetherian ring with an identity

and C an admissible family of finitely generated unitary A-modules. In [8] Riley

has shown that five axioms for an associated ideal function, A, on C provide an

axiomatic characterization of the tertiary decomposition theory, A, on C, as it is

given in this special case. See §6. These five axioms are as follows:

(i) For M g C, A(M)= 0 if and only if M=(0).

(ii) If M g C is the (set theoretic) union of a family {MJ of submodules, then

A(M) = (JiA(Mi).

(iii) If M g C and 0 -> M' -> M -* M" -> 0 is exact, then

A(M) £ A(M') u A(M").



260 J. W. FISHER [November

(iv) If A/#(0) is in C, then there exists, for each 3P e A(M), a submodule M'

of M such that A(M') = {3P}.

(v) For M eC, the elements of A(M) are annihilating ideals for M and each

contains the annihilator of M.

We will show that axiom (ii) is not independent of the other four axioms and

therefore it can be deleted.

Suppose that M is the union of the family {M¡} of submodules. The inclusion

(Ji A(Mt)^A(M) follows immediately from the fact that A is an associated ideal

function. In order to show the other inclusion let 2? e A(M). By axiom (iv) there

exists a submodule M' of M with A(M')={3fi}. Axiom (i) shows that M'=£(0).

Since M is the set theoretic union ofthe{A/J, there is an M¡ such that M¡n A/V(0).

Hence A(MX n M')^ 0. Because A(Mt n M')^A(M') we now have that

A(M, n M') = {&>}. Thus &> e A(Mt) since A(M, n M')cA(M¡). Therefore A(M)ç

Ui A(Mt) and so axiom (ii) results. By relying on the results of Riley in [8], we

have the following theorem:

Theorem 8.1. The four axioms, (i), (iii), (iv), and (v) for an associated ideal

function, A, on an admissible family C of finitely generated unitary modules over a

left Noetherian ring R with an identity, provide an axiomatic characterization of the

tertiary decomposition theory, T, on C.

We now state the following theorem in order to summarize the axiomatic

characterization of the tertiary theory which we have obtained in this paper.

Theorem 8.2. Let R be an arbitrary ring. The following five axioms for an

associated ideal function, A, on an admissible family C of t-worthy R-modules,

provide an axiomatic characterization of the tertiary decomposition theory, T, on C:

(a) For Me C, A(M)= 0 if and only ifM = (0).

(b) If MeC and 0 -> M' -> M -> M" -> 0 is exact, then

A(M) ç A(M')kj A(M").

(c) If M^(0) is in C, then there exists, for each si e A(M), a submodule M' of M

such that A(M') = {si).

(d) Each M eC is A-finite.

(e) A is normal on C.

Remark. Theorem 4.12 and the first four axioms force A to be a decomposition

theory on C. Therefore it makes sense to speak of A as being normal in axiom (e).

Proof of 8.2. As remarked above, A is a decomposition theory on C. Since

axiom (e) makes A normal on C, we have that A = T by Theorem 7.2. Conversely,

the fact that the tertiary theory, T, satisfies these five axioms on an admissible

family of /-worthy /^-modules follows from the way that we constructed T from /

and from 7.1.

We finish this section by showing that Theorem 8.1 can be obtained as a special



1969] DECOMPOSITION THEORIES FOR MODULES 261

case of 8.2. Suppose that A is a left Noetherian ring with an identity and that C

is an admissible family of finitely generated unitary A-modules. Axiom (d) can be

obtained from axioms (a), (b), and (c) by using a proof similar to that of [8,

Corollary 2.4]. Then Theorem 4.12 shows that if A satisfies axioms (a), (b), and (c)

on C, it is a decomposition theory. Thus Propositions 7.3 and 7.4 show that

together with axioms (a), (b), and (c); axiom (e) is equivalent to axiom (v) on C.

Therefore on C axioms (a)-(e) are equivalent to axioms (i), (iii), (iv), and (v).

9. The primary theory. Throughout this paragraph we will assume that A is a

commutative ring. Suppose that C is an admissible family of A-modules. The

primary radical, p, is a radical function on C. As in §2 an ideal si in A is an

associated ideal of M in C with respect to p if there exists a /»-stable submodule

S of M such that si=p(S). Denote the set of associated ideals of M by A(M).

We propose that the associated ideals of M are prime ideals in A.

Proposition 9.1. If M is in C and si is in P(M), then si is prime.

Proof. Since si e P(M), there is a /»-stable submodule S of M with si=p(S).

Suppose that xy e si for x, y e R. Then there is an integer « such that (xj)nS=0.

If y i si then ynS¥=0. Thus xn(j"5) = 0 and so x ep(ynS). However S is /»-stable

so that p(ynS) = si and hence x g si. Therefore si is prime.

Suppose that C is an admissible family of /»-worthy A-modules. Theorem 4.10

shows that the associated ideal function, A, is a decomposition theory on C. It

would appear that this decomposition theory is the primary theory and that we

have extended the primary theory to a larger family of modules than the family of

Noetherian A-modules. Unfortunately A is not the usual primary theory [9, p. 252]

because a A-submodule does not necessarily need to be a primary submodule.

Example 4. Let V be a countably infinite dimensional vector space over a field

A. Let {vy, v2,...} be a basis for V. For each positive integer /, consider the sub-

space Vt of V which is spanned by {vy, v2,..., vt}. Define the linear transformation

A on Kby Au^Oand Aui = yi_1 for i^2. Let A[A] be the polynomial ring generated

over A by the transformation A. Then A[A] is a commutative Noetherian ring with

an identity.

Consider V as an A[A]-module. It can be shown that the proper submodules of

Fare precisely the Vt, i=l,2,.... Hence V is Artinian, non-Noetherian, and

uniform as an A[A]-module.

Let & denote

{/(A) g ATA] :/(A) = f{T+f2T2 +■■■ +fnTn where « is a positive integer and/¡ g A}.

Then &=p(Vi) for /= 1, 2,... and so (0) is a A-submodule of V.

Now (0) is not a primary submodule of V because AgA[A] annihilates the

nonzero submodule Vy, however, A is not in p(V) since for each integer /,

Ti$(0:V) = (0).
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We will proceed to show that for a Noetherian module M, 7-submodules are

primary. While the following lemma appears in the literature in certain special

cases, I have not found it stated in this generality.

Lemma 9.2. Let R be a commutative ring and M a Noetherian R-module. Then

p(M) = t(M).

Proof. Let r e Rbe in p(M). Then there is a positive integer «such that rne(0:M).

Consider the submodule (0:r) = {me M : rm = 0} of M. Suppose that A is a non-

zero submodule of M. If rN = 0 then (0:r) n N=£(0). If rN^O, then there exists

an * e N such that r'x^O and r' + 1x = 0 for some i, l=i<n. Consequently

(0:r)n A # (0)

and so (0:r) is an essential submodule of M. Therefore r e t(M).

Let r e R be in t(M). For each «,«=1,2,... consider the submodule

(0:rn) = {me M : rnm = 0}

of M. Since M is Noetherian, we have for large «, (0:r") = (0:r" + 1)= • ■ -. Now

r e /(A/) implies that there exists an essential submodule E of M such that rE=0.

If r"A7#0 then E n rnM^=(0). Hence there exists an me M such that r"«i/0 but

r(rn«i) = 0. However this contradicts (0:rB) = (0:rn+1). Therefore rnM = 0 and so

rep(M).

Proposition 9.3. Let R be a commutative ring and M a Noetherian R-module.

Then the following are equivalent:

(a) (0) w a P-submodule of M;

(b) (0) is a tertiary submodule of M;

(c) (0) is a primary submodule of M.

Proof. Since p(M) = t(M), it is immediate that (b) and (c) are equivalent.

Moreover (0) is a 7-submodule of M if and only if (0) is a T-submodule of M.

Therefore the equivalence of (a) and (b) follows from Theorem 5.3.

Suppose that M is a Noetherian module over a commutative ring R. An interest-

ing question is this. Can one appropriately define associated prime ideals for M

and then obtain the classical primary decomposition theory for M by using a

technique similar to that of Bourbaki in [l,pp. 131-146]? It is now clear that this

is possible. We would define an associated prime ideal for M as a prime ideal 2?

for which there exists a /?-stable submodule S of M such that 37>=p(S). The above

proposition shows that a submodule of M is a primary submodule if and only if

it is a /'-submodule. Therefore in this special case Theorem 4.10 gives the classical

primary decomposition theory. We notice that an equivalent, but perhaps con-

ceptually easier way to define, an associated prime ideal for M, would be as a

prime ideal which is the tertiary (or primary) radical of a uniform submodule of M.

In order to obtain the classical primary theory for a finitely generated unitary

module, M, over a Noetherian ring, R, with an identity; Bourbaki in [1, p. 131]
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defines an associated prime ideal as a prime ideal SP in A for which there exists a

nonzero element x in M such that aa = (0:x). The following proposition shows that

with the additional assumption that A is Noetherian, our definition of associated

prime ideal for a Noetherian module, reduces to Bourbaki's definition.

Proposition 9.4. Suppose that A is a commutative Noetherian ring with an identity

and M is a finitely generated unitary R-module. A prime ideal 3P is in P(M) if and

only if there exists a nonzero x in M such that 3P = (0:x).

Proof. Lemma 9.2 shows that a prime ideal 3P e P(M) if and only if 0> e T(M).

Since A is Noetherian and M is /-worthy, Proposition 6.1 shows that SP e T(M) if

and only if & e Ass (M). Riley in [8, p. 186] proves that 0 e Ass (M) if and only

if there exists a nonzero x in M such that ¿? = (0:x).

10. The weakly primary theory. Throughout this section we will assume that R

is a commutative ring. In [1, p. 139] Bourbaki introduces the concept of a &-

primary submodule of an A-module M. We make the following definition: A

submodule A7 of M is called weakly primary if when r e R annihilates a nonzero

submodule of M/N, then for each x e M/N there exists a positive integer « such

that rnx = Ö. Proposition 1 in [1, p. 139] shows that if A is a Noetherian ring with

an identity, then the concepts of J^-primary and weakly primary are equivalent.

The definition of a weakly primary submodule immediately suggests the notion

of a weakly primary radical. If M is an A-module, then the weakly primary radical

of M, denoted w(M), is defined to be

{r e A : for each xe M there exists a positive integer « with rnx = 0}.

On an admissible family C of A-modules, the weakly primary radical is a radical

function. As in §2 an ideal si in A is an associated ideal of M in C with respect

to w if there exists a w-stable submodule S of M such that s/=w(S). Denote the

set of associated ideals of M by W(M).

In the following example we will show that there exist weakly primary sub-

modules which are not primary.

Example 5. Consider the A[A]-module V of Example 4. We saw that (0) is not

a primary submodule of V. We assert that (0) is a weakly primary submodule of V.

Suppose that g(T) e F[T] and there exists a nonzero vector veV such that

g(T)v = 0. Now g(T) has the form f0+fT+ ■ ■ ■ +fnTn where f e A. It is evident

that/o must be zero and so g(T)=fT+f2T2+ ■ ■ ■ +fnTn.

Let x be any nonzero element of V. Then x has the form x=ayVy+a2v2+ ■ ■ ■

+ akvk where a¡ e F and ak^0. Wherefore [g(A)]fcx=0. Therefore (0) is a weakly

primary submodule of V.

Proposition 10.1. Suppose that R is a commutative ring and M a finitely generated

R-module. Then (0) is a primary submodule of M if and only if(0) is a weakly primary

submodule of M.
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Proof. It is apparent that every primary submodule of M is weakly primary.

Assume that (0) is a weakly primary submodule of M. Suppose that r e R

annihilates a nonzero submodule of M. Then r e w(M). Let mx,..., mk be a set of

generators for M. Since r e w(M), for each i=l,..., k there exists an integer «¡

such that rni«ij = 0. Hence there exists an integer « such that rnni¡ = 0 for each i,

ISiSk. Therefore rnM = 0 and so r ep(M). Consequently (0) is primary.

We will proceed to show that for a module overa Noetherian ring, IF-submodules

are weakly primary.

Lemma 10.2. Let R be a commutative Noetherian ring and M an R-module. Then

w(M) = t(M).

Proof. Let r ê R be in w(M). Consider the submodule (0:r) of M. Suppose that

A' is a nonzero submodule of M. Let x#0 be in N. Since r e w(M), there is an

integer « such that rnx = 0 and rn_1x#0. Then (0:r) n N=£(0). Consequently (0:r)

is an essential submodule of M. Therefore r £ t(M).

Let r e t(M) and x e M. For each «,«=1,2,..., consider the ideal

In = {seR: rnsx = 0}

in R. Since R is Noetherian, we have for large «, In = In + 1= ■ ■ •■ If In^ R then

rnRx^0. There exists an essential submodule E of M such that r£=0 because

r s t(M). Thence E n rn/?x#(0). If rnix#0 is in E n rnRx, then r(rnix) = 0. Whence

s e In + i buts i In- This is a contradiction. Hence /„ = R and so r" + 1x = 0. Therefore

r e w(M).

Proposition 10.3. Let R be a commutative Noetherian ring and M an R-module.

Then the following are equivalent :

(a) (0) is a W-submodule of M;

(b) (0) is a tertiary submodule of M;

(c) (0) is a weakly primary submodule of M.

Proof. Since w(M) = t(M), it is immediate that (b) and (c) are equivalent.

Moreover (0) is a H^-submodule of M if and only if (0) is a T-submodule of M.

Therefore the equivalence of (a) and (b) follows from Theorem 5.3.

Suppose that R is a Noetherian ring and C an admissible family of iv-worthy

.R-modules. From Proposition 6.2 we see that for each M in C the elements of

W(M) are prime ideals. Theorem 4.10 shows that Wisa decomposition theory on

C. We call W the weakly primary theory on C because 10.3 shows that (0) is a

weakly primary submodule of A7 in C if and only if (0) is a IF-submodule of M. The

following corollary of 4.10 extends the results of Bourbaki found in [1, pp. 142-146].

Corollary 10.4. Let R be a commutative Noetherian ring with an identity and C

an admissible family of unitary w-worthy R-modules. Then the weakly primary

decomposition theory, W exists on C.

We will now consider an example of a module over a commutative Noetherian
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ring with an identity which is /-worthy and hence M'-worthy; however, it is neither

Noetherian nor Artinian. Corollary 10.4 shows that it has the weakly primary

decomposition theory.

Example 6. Let p be a prime integer. Then the /?-adic numbers Qp are a module

over the /»-adic integers Zp. Now Zp is a commutative Noetherian ring with an

identity. It can be shown that Qp is neither Noetherian nor Artinian; however,

every factor module of Qp is 1-dimensional overZ„. From Proposition 5.6 we have

that Qp is a /-worthy Zp-module.

11. Applications. The following proposition can be proved in a manner similar

to [8, Proposition 1.6].

Proposition 11.1. Let Y be a decomposition function on an admissible family C

and let M be in C. Suppose that the submodule N of M has a Y-decomposition in M

and Y is a submodule of M containing N. Then there exists a submodule X of M

such that N=Xn Y and Y(M/X) = Y( Y/N).

This proposition shows that if Y is a decomposition theory on an admissible

family C and M is in C with N^ Y^ M, then there exists a submodule A" of M

such that N=Xn Y and Y(M/X) = Y(Y/N). Furthermore rr(M/X) = rr(Y/N),

where rr is the radical function that is obtained from Y in §3.

The following theorem [4, p. 200] of W. Krull is now classical: if si is an ideal

in a commutative Noetherian ring A and if Y=C]^=1sin, then Y—siY. The

proof does not extend to noncommutative left Noetherian rings because it uses the

primary decomposition theory.

We notice that Y is the intersection of all ideals g in A such that si is contained

in the primary radical of R/Q. If we replace primary radical by rr, where T is a

decomposition theory, then we obtain the following generalization :

Theorem 11.2. Let R be an arbitrary ring and Y a decomposition theory on an

admissible family C of R-modules such that if M is in C and 38 is in Y(M) then

3S^(0:M). Suppose that si is a left ideal in R, M is in C, and that

Y = C\{Q : Qisa submodule of M and si ç rr(M/Q)}.

Then si Y =Y.

Proof. Since each 38 e Y(M) contains (0:M), we have (0:M)crr(M). Then

si^(siY: Y)^rr(Y/siY). From Proposition 11.1, there exists a submodule A" of

M such that s/Y=Xn Y and rT(M\X) = rv(Y\siY). Therefore si^rr(M/X) and

hence YçX. Consequently s/Y= Y.

Corollary 11.3. Let R be an arbitrary ring and C an admissible family oft-worthy

R-modules. Suppose that si is a left ideal in R, M is in C, and that

Y = C\{Q\Qisa submodule of M and si s t(M/Q)},

then si Y = Y.
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Proof. Theorem 5.4 shows that the tertiary function, 7, is a decomposition theory

on C. Moreover if M e C and 3S e T(M) then ^2(0:M). On an admissible family

of/-worthy R-modules, rT = t by 5.2. Therefore the corollary is proved.

In [6, Théorème 2.1] Lesieur and Croisot have proved the following corollary

with the addition Assumption 1 on M:

Corollary 11.4. Suppose that R is an arbitrary ring and that either M is an

Artinian R-module or a Noetherian R-module. If si is a left ideal in R and if

Y= C\{Q:Qisa submodule of M and si ç t(M/Q)},

then si Y =Y.

Corollary 11.5 (Krull). If si is an ideal in a commutative Noetherian ring R

and if Y= f| ™= i sin, then Y= si Y.

Proof. Lemma 9.2 shows that for each ideal / in R, p(I) = /(/). Thus it is obvious

that H {7:7 is an ideal in R and si^t(R/I)}^ Y. Let 7 be any ideal in R such that

si^t(RjI). Then si^p(RjI) and since R is Noetherian there exists a positive

integer k such that sikç^l. Therefore these two intersections are equal and so

Y=siY.

Proposition 11.6. Let R be a left Noetherian ring and Y a decomposition theory

on an admissible family C of R-modules such that if M is in C andäS is in Y(M) then

^2(0:M). Suppose that si is a nil left ideal in R. If

Y = C\{Q-Qisa submodule of M and si ç rr(M/Q)},

then Y=(0).

Proof. By Levitzki's theorem [4, p. 199], there exists a positive integer « such

that sin = (0). Theorem 11.2 shows that sinY= Y. Therefore T=(0).

Proposition 11.7. Let R be an arbitrary ring and Y a decomposition theory on an

admissible family C of Noetherian R-modules such that if M is in C and £% is in

Y(M) then á?2(0: M). Suppose that si is a radical ideal in R and M is in C.

If Y=C\{Q: Q is a submodule of M and si^rr(M/Q)}, then Y=(0).

Proof. From 11.2 we have that siY= Y. If T^(0) then si Y^ Y by [4, p. 200,

Proposition 2]. Therefore T=(0).

The following result is known as the Lemma of Artin-Rees [6, p. 219]: If R is a

commutative Noetherian ring and M is a finitely generated /^-module, then for

each submodule F of M, ideal si in R, and positive integer «, there exists a positive

integer« such that sih M n Y^sinY. This lemma is not valid for a finitely generated

module M over a noncommutative left Noetherian ring. See [6, p. 220].

The lemma can be interpreted thusly. For each submodule Y of M, ideal si in

R, and submodule N of Y such that si^p( Y/N), there exists an integer « such that

sinY^N. Then the submodule X=sihM+N satisfies X n Y=Nand si^p(M/X).



1969] DECOMPOSITION THEORIES FOR MODULES 267

If we replace p by rr where T is a decomposition theory, then we obtain the

following generalization :

Theorem 11.8. Let A be an arbitrary ring, Y a decomposition theory on an

admissible family C of R-modules, and M in C. For each submodule Y of M, left

ideal si in R, the submodule N of Y such that si^rr( Y/N), there exists a submodule

X of M such that X n Y=N and si^rv(M/X).

Proof. From 11.1 there exists a submodule lof M such that X n Y=N and

rr(Y/N) = rr(M/X). Therefore siçrr(M/X) and the result follows.

Corollary 11.9. Let A be an arbitrary ring, C an admissible family of t-worthy

R-modules, and M in C. For each submodule Y of M, left ideal si in A, and the

submodule N of Y such that ,-s/ç /( Y/N), there exists a submodule X of M such that

Xn Y=Nandsiçt(M/X).

Proof. Theorem 5.4 shows that A is a decomposition theory on C. Moreover

rT = t on C by 5.2.

Lesieur and Croisot have proved the following corollary in [6, Théorème 3.1]

with the additional Assumption 1 on M:

Corollary 11.10. Suppose that A is an arbitrary ring and that either M is an

Artinian R-module or a Noetherian R-module. For each submodule Y of M, left ideal

si in R, and submodule N of Y such that si^ t( Y/N), there exists a submodule X of

M such that Xn Y=N and sic t(M/X).

Corollary 11.11. The Lemma of Artin-Rees.

Proof. Suppose that M is a finitely generated module over a commutative

Noetherian ring, Y a submodule of M, si an ideal in A, and « a positive integer.

Lemma 9.2 shows that si^p( Y/sin Y) = t( Y/sin Y). There exists a submodule X of

M such that Xn Y=sinY and siçt(M/X)=P(M/X). Since A is Noetherian

there exists a positive integer « such that sihM^X. Therefore sihM n Y^sinY.

Let A be a ring and M an A-module. Then M is said to be an Artin-Rees module

if it has the Artin-Rees property, i.e., for each submodule Y of M, ideal si in A,

and positive integer «, there exists a positive integer « such that sihM n Y^sin Y.

As soon as one has the tertiary decomposition theory and the primary decom-

position theory the following question arises: When are tertiary submodules of an

A-module M primary? In Example 5 we saw a submodule that was tertiary but

not primary. Lemma 9.2 shows that if A is commutative and M is Noetherian,

then tertiary submodules of M are primary. The following proposition shows that

if A is arbitrary and M is an Artin-Rees A-module, then tertiary submodules of M

are primary:

Proposition 11.12. If M is an Artin-Rees R-module, then tertiary submodules of

M are primary.
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Proof. In order to show that tertiary submodules of M are primary, it suffices to

show that for each submodule N of M, t(M/N)<^p(M/N). Suppose that r e t(M/N).

Then there exists an essential submodule E/N of M/N such that re(N:E). The

Artin-Rees property of M applied to E, (N:E), and «= 1, produces an « such that

(N:E)hM n E^(N:E)E^N. Since E/N is essential, we have that (N:E)hM^N.

Thence (N:E)^p(M/N). Whence r ep(M/N).

Theorem 11.13. Let R be a left Noetherian ring and C an admissible family of

t-worthy R-modules. Suppose that M is in C. Then M is an Artin-Rees module if and

only if the tertiary submodules of M are primary.

Proof. The "only if" follows from 11.12.

Assume that tertiary submodules of M are primary. Let Y be a submodule of

M, si an ideal in R, and « a positive integer. Consider sin Y. Since sinç(sin Y: Y),

we have that sin<^âiï for all Je7( Y/sin Y). Since 7 is a decomposition theory on

C, Proposition 11.1 shows that there exists a submodule X of M such that

Xn Y = sinY   and   T(M/X) = T(Y/sinY).

Since M/X e C, there is a tertiary decomposition {Mlt M2,..., Mk} of X in M

with, say, T(M/Mi) = {!%i} where /= 1, 2,..., k and T(M/X) = {SSX, SS2,..., 3Bk}.

Because T(M/X) = T(Y/siriY) we have that sin^@i for i=l, 2,.. .,k.

By assumption the tertiary submodules M¡, i= 1, 2,..., k are primary and

hence âSi = t(M/Mi)=p(M/Ml) for i=\,2,.. .,k. Whence, for each /= 1, 2,..., k,

á?¡ is a nil ideal modulo (A/t: M). From Levitzki's theorem we have that for each i,

/=1,2,..., k, there exists an «¡such that á??iC(Af¡: M). Therefore there is an «such

that J?MgA/¡ for each /, /= 1, 2,..., k. Thus sinhMz Mx n M2 n ■ ■ ■ n Mk = X.

So sinhM n Y^X n Y=sinY. Ergo A7 is an Artin-Rees module.

The following corollary [6, Théorème 3.3, corollaire] is due to Lesieur and

Croisot:

Corollary. If M is a finitely generated module over a left Noetherian ring, then

M is an Artin-Rees module if and only if the tertiary submodules of M are primary.

Lemma 9.2 shows that tertiary submodules of a finitely generated module over a

commutative Noetherian ring are primary. Hence the Lemma of Artin-Rees is

also a corollary of 11.13.
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